
   

 

 

KULeuven Energy Institute 

TME Branch 

 

 
 
 
 
 

WP EN2014-07 
 
 
 
 
 

A Mixed-Integer Linear Formulation of the 
Unit Commitment Problem 

 
 

Kenneth Van den Bergh, Kenneth Bruninx, Erik Delarue, 
William D‘haeseleer 

 
 
 
 
 
 

TME WORKING PAPER - Energy and Environment 
Last update: February 2014  

 
 
 
 
 
 
 

 
 

 
An electronic version of the paper may be downloaded from the TME website: 

http://www.mech.kuleuven.be/tme/research/ 

http://www.mech.kuleuven.be/tme/research/


A Mixed-Integer Linear Formulation of the Unit
Commitment Problem

K. Van den Bergh, K. Bruninx, E. Delarue, W. D’haeseleer
University of Leuven (KU Leuven) - Energy Institute

February 12, 2014

Abstract

A unit commitment (UC) model determines the optimal scheduling of a given set of power
plants to meet the electricity demand, taking account of the operational constraints of the
power system. This working paper presents a state-of-the-art mixed-integer linear program
(MILP) to solve large scale unit commitment problems. The model is developed by the
Energy Institute of the University of Leuven and used in several studies.
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Nomenclature

Units
The time resolution of the model is denoted by the time step ∆t, in hours. All generation and load
data is expressed in [MW], giving the average generation or load during the time step ∆t. Cost
data are expressed in [∆t EUR/h] or in [∆t EUR/MWh], indicating the cost (per MWh) in time
step ∆t.

Sets

I (index i) set of power plants
K (index k) set of blocks in linear production cost curve
L (index l) set of transmission lines (AC lines and DC lines)
Lac (index lac) set of AC transmission lines
Ldc (index ldc) set of DC transmission lines
Lpst (index lpst) set of AC transmission lines with a phase shift transformer
M (index m) set of must-run groups
N (index n) set of nodes
R (index r) set of pumped storage units
S (index s) set of spinning reserve zones
T (index t) set of time steps
Y (index y) set of type of grid injections

Parameters

αmax
lpst

maximum phase shifter angle at line lpst in [◦]

∆i,k maximum power output block k of production curve of power plant i in [MW]
ηgr total efficiency of pumped storage unit r in [/]
ηpi rated efficiency of power plant i in [/]
σi,t start-up type of power plant i in time step t {0,1}
Agrid

l,n incidence matrix of the grid

Amust
m,i matrix linking power plant i to must run group m {0,1}

Aplant
n,i matrix linking power plant i to node n {0,1}

Apump
n,r matrix linking pumped storage unit r to node n {0,1}

Arsr
s,i matrix linking power plant i to reserve group s {0,1}

AVi,t availability of power plant i at time step t {0,1}
Ci,t production cost at minimum output of power plant i at time step t in [∆tEUR/h]
CC curtailment cost in [∆t EUR/MWh]
Dn,t electricity demand at node n at time step t [MW]
DCDFlac,ldc DC lines distribution factors
Emax

r maximum energy content of pump unit r in [MWh]
ECt CO2 emission cost at time step t in [EUR/tCO2]
EIi CO2 emission intensity of power plant i in [∆t tCO2/MWhpr]
Fi,t,k slope block k of production curve of power plant i at time step t in [∆tEUR/MWh]
F 0
lac

zero imbalance flow in AC transmission line lac in [MW]
Fmax
lac

maximum transmission through AC transmission line lac in [MW]
Fmax
ldc

maximum transmission through DC transmission line ldc in [MW]
FCi,t primary fuel cost of power plant i at time step t in [∆tEUR/MWhpr]
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Gmax
r maximum power rate of pump unit r in [MW]

LC loss of load cost in [∆tEUR/MWh]
MDTi minimum down-time of power plant i in [∆t]
MUTi minimum up-time of power plant i in [∆t]
MRm must-run requirement of group of power plants m in [/]
Pmax
i maximum power output of power plant i at time step t in [MW]
Pmin
i minimum power output of power plant i at time step t in [MW]
PSDFlac,lpst phase shift distribution factors
PTDFlac,n,y power transfer distribution factors for injections of type y
RCi ramping cost of power plant i in [EUR/MW]
RDi maximum ramp-down rate of power plant i in [MW/∆t]
SRs required spinning reserve at reserve zone s in [MW]
RUi maximum ramp-up rate of power plant i in [MW/∆t]
SDCi shut-down cost of power plant i in [EUR]
SUCi start-up cost of power plant i in [EUR]
SDi maximum shut-down rate of power plant i in [MW/∆t]
SUi maximum start-up rate of power plant i in [MW/∆t]
TRES
n,t available renewable generation at node n at time step t in [MW]
TCHP
n,t available CHP generation at node n at time step t in [MW]
TCl transmission cost for line l in [∆tEUR/MWh]
V OMi variable operations and maintenance cost of power plant i in [∆tEUR/MWh]

Variables

αlpst,t phase shifter angle at line lpst at time step t in [◦]
δi,t,k power output block k of production curve of power plant i at time step t in [MW]
ccurtn,t curtailment cost at node n at time step t in [∆tEUR/h]
cloln,t loss of load cost at node n at time step t in [∆tEUR/h]

cprodi,t production cost of power plant i at time step t in [∆tEUR/h]
cramp
i,t ramping cost of power plant i at time step t in [∆tEUR/h]
cstarti,t start-up cost of power plant i at time step t in [∆tEUR/h]

cstopi,t shut-down cost of power plant i at time step t in [∆tEUR/h]
ctransl,t transmission cost of the line l at time step t in [∆tEUR/h]
er,t energy level of pumped storage unit r at time step t in [MWh]
fl,t transmission through line l at time step t in [MW]
flac,t transmission through AC line lac at time step t in [MW]
fldc,t transmission through DC line ldc at time step t in [MW]

gprodr,t power generation of pumped storage unit r at time step t in [MW]
gconsr,t power consumption of pumped storage unit r at time step t in [MW]
in,t,y grid injection of type y at node n at time step t in [MW]
pi,t power generation of power plant i above minimum output at time step t in [MW]
r+i,t upward spinning reserve from power plant i at time step t in [MW]
r−i,t downward spinning reserve from power plant i at time step t in [MW]
uRES
n,t renewables curtailment at node n at time step t in [MW]
vi,t start-up status of power plant i at time step t {0,1}
wi,t shut-down status of power plant i at time step t {0,1}
zi,t on/off-status of power plant i at time step t {0,1}
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1 Introduction

Unit Commitment (UC) is the problem of determining the optimal scheduling of electricity gen-
eration units within a power system subject to operating constraints [1]. The optimal scheduling
is the one that guarantees a feasible system operation at minimum operational system cost. The
solution to the UC problem contains for each generating unit and each time step an on/off-status,
i.e., the unit commitment decision, and a generation level if on-line, i.e., the economic dispatch
decision.

Delarue [2] and Ventosa et al. [3] propose a model classification for electricity generation models.
A first classification parameter is the considered time frame. UC models deal with relatively short
time frames, implying that only operational aspects of the power system are taken into account.
Common used time frames in UC models range from days to several years, with a time resolution of
minutes up to hours. A second classification parameters deals with uncertainty in the system. UC
models that assume everything to be certain are deterministic UC models. UC models that take
account of uncertainty are stochastic UC models. Note that also deterministic UC models can take
uncertainty to a certain extent into account by means of reserve constraints. A third classification
parameter is the elasticity of the electricity demand. UC models often use an inelastic demand,
which is a fair assumption for short term analyses. However, it might be meaningful to include
demand elasticities (or demand flexibilities) into UC models.

Different mathematical formulations of the UC problem exist. Different formulations lead to dif-
ferent levels of feasibility, optimality and computational simplicity. A formulation that gained
importance due to dramatic improvements in solver performances is mixed-integer linear program-
ming (MILP) [4]. MILP is an operational research method in which some of the variables are
restricted to be integers. In a unit commitment formulation, all integer variables are binary vari-
ables. The main advantage of a MILP formulation is that it gives feasible solutions - if there are -
to the UC problem with a controllable level of optimality. The disadvantage of MILP formulations
is its computational complexity, resulting in longer run times. However, due to improvements in
commercial solvers and model formulations, MILP models are nowadays often used in industry and
academia. Another formulation of the UC problem is Priority Listing (PL). Priority Listing is an
heuristic method that basically ranks the power plants according to their marginal generation cost
and selects the cheapest to fulfil the demand. Neither feasibility and optimality are guaranteed,
but PL is computationally simple and can therefore be used to have a quick first estimation of the
solution to the UC problem. Besides MILP and PL, several other UC formulations exist like Dy-
namic Programming (DP), Lagrangian Relaxation (LR) or Unit Decommitment (UD). However,
these formulations lost part of their relevance due to the emergence of MILP.

This working paper describes a MILP of the UC problem. The presented UC model is deterministic
with an inelastic demand. The MILP is implemented in GAMS 24.2 [5] and MATLAB R2012b,
using the MATLAB-GAMS coupling as described by Ferris et al. [6] and Wong [7]. The model is
solved with CPLEX 12.6 [8] or GUROBI 5.6 [9].

The following section describes the required input data and the output data of the model. Section
3 introduces the concepts of tightness and compactness of a MILP formulation. Section 4 discusses
the mathematical formulation of the model. In a final section, the model is validated by means of
a benchmarking with commercial UC models.
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2 Input and output data

This section gives an overview of the input data required by the model and the output of the
model. In short, all sets and parameters are input data for the model, all variables are output
data of the model.

First, an extensive package of data about the power system is needed. The conventional power
plant portfolio, including pumped storage units, has to be entered in the model. A conventional
generation portfolio is characterized by a set of technical parameters (e.g., installed capacity and
ramping rates) and a set of cost related parameters (e.g., fuel cost). Besides, the model requires
time series of the electricity demand, generation from renewables and cogeneration, and fuel prices.

Data about the electricity grid is required in accordance with the used grid model. Two different
grid representations are possible; DC load flow and trade based. In a trade based model, only
information on line capacities and grid topology is required. For a DC load flow model, also
information of the power transfer distribution factors is needed.

Finally, the level of detail of the model can be adapted depending on the required accuracy. The
following system aspects can be included in the model; loss of load, renewables curtailment, power
plant outages, number of piecewise linearizations of the production cost curve and (time-dependent)
spinning reserve requirements.

The model returns for every time step the optimal unit commitment and dispatch of the power
system. Also the operational costs, CO2 emissions and grid flows and nodal prices can be retrieved
from the model.

3 Tightness and compactness

Mixed-integer programs are solved by the branch-and-cut method. This method consists of solving
a sequence of linear programming (LP) relaxations of the MILP (binary constraints are relaxed).
During this process, certain binary variables are set to 0 or 1 (i.e., branching) and cutting plane
algorithms are applied to reduce the feasible area of the relaxed LP without excluding the optimal
MILP solution. In every stage of the branch-and-cut method, upper bounds (objective value
of the feasible integer solutions) and lower bounds (objective value of the LP relaxations) are
computed. Upper bounds are decreased by finding better integer solutions and lower bounds are
increased by strengthening the LP relaxation (i.e., reducing the feasible area of the relaxed LP).
The solution process is converged when the relative difference between the upper bound and lower
bound becomes smaller than the tolerance margin1.

The computational performance of a mixed-integer formulation depends, among others, on its
tightness and compactness. Tightness refers to the similarity between the feasible area of the
MILP and the feasible area of the relaxed LP. A formulation is tight when the feasible area of the
LP is close to the feasible area of the MILP. As a result, the solution to the relaxed LP is closer
to the optimal integer solution and the branch-and-cut method converges faster. A formulation
can be made tighter by adding additional constraints, reducing the feasible area of the relaxed LP

1This explanation is valid for minimization problems. In maximization problems, the upper bounds follow from
the LP relaxation and the lower bounds from the integer solutions.
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(strengthening the lower bounds). The compactness of a formulation refers to the amount of data
that has to be processed during the solving process. A compact formulation has little variables
and little constraints. Tightness and compactness are often conflicting objectives. A formulation
can be tightened by adding constraints, reducing thereby the compactness of the formulation, and
vice versa.

4 Mathematical formulation

The mixed-integer formulation of the unit commitment model consists of one objective function,
i.e., minimize total operational system cost, subject to several constraints.

Objective function
The objective function of the UC MILP model is to minimize total operational system cost, con-
sisting of production costs, start-up costs, shut-down costs, ramping costs, transmission costs, loss
of load costs and curtailment costs.

min

(∑
t

∑
i

(
cprodi,t + cstarti,t + cstopi,t + cramp

i,t

)
+
∑
t

∑
l

ctransl,t +
∑
t

∑
n

(
cloln,t + ccurtn,t

))
(1)

Production costs
The production costs include fuel costs, CO2 emission costs and variable operations and mainte-
nance (O&M) costs.

cprodi,t =

(
FCi,t + ECtEIi

ηpi
+ V OMi

)
pi,t ∀i, ∀t (2)

The efficiency of a power plant depends on its power output. Typically, this is a non-linear
relationship. The resulting production cost is a non-linear curve which can be linearized as shown
in figure 1. The piecewise linearized production cost curve becomes

cprodi,t = Ci,t zi,t +
∑
k

Fi,t,k δi,t,k ∀i,∀t

pi,t =
∑
k

δi,t,k ∀i, ∀t

0 ≤ δi,t,k ≤ ∆i,k ∀i,∀t, ∀k

(3)

For convex production cost curves, the linearization as described in equation (3) ensures a correct
order of use of the different linear pieces. For concave production cost curves an additional binary
variable has to be introduced to enforce a correct order of use of the linear pieces.

Start-up costs
Figure 2 shows a typical start-up cost curve as function of the off-line time of the power plant.
This non-linear curve can be approximated by a stairwise function. Often one distinguishes three
parts in the start-up cost function; hot starts, warm start and cold starts.

The piecewise start-up cost function is implemented as proposed by Morales et al. [10]. Morales
shows that this formulation is tighter than the start-up cost formulation presented by Carrión and
Arroyo [11] and Ostrowski et al. [12].
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Figure 1: Piecewise linear approximation of a convex production cost curve (K = 2).

cstarti,t = σhot
i,t SUChot

i + σwarm
i,t SUCwarm

i + σcold
i,t SUCcold

i ∀i, ∀t
σhot
i,t + σwarm

i,t + σcold
i,t = vi,t ∀i, ∀t

σhot
i,t ≤

Twarm−1∑
t′=1

wi,t−t′ ∀i,∀t

σwarm
i,t ≤

Tcold−1∑
t′=Twarm

wi,t−t′ ∀i, ∀t

σcold
i,t ≤ 1 ∀i,∀t

(4)

If only one start-up cost is taken into account, the start-up cost becomes

cstarti,t = SUCi vi,t ∀i, ∀t (5)

Shut-down costs
The shut-down cost is given by Arroyo and Conejo [13].

cstopi,t = SDCiwi,t ∀i,∀t (6)

Ramping costs
The ramping cost is determined by

cramp
i,t ≥ RCi (pi,t − pi,t−1 − vi,t Pmax

i ) ∀i, ∀t
cramp
i,t ≥ RCi (pi,t−1 − pi,t − wi,t P

max
i ) ∀i,∀t

(7)

Transmission costs
The transmission cost follows from

ctransl,t ≥ fl,t TCl ∀l,∀t
ctransl,t ≥ −fl,t TCl ∀l,∀t

(8)
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off-line time [h]

Start-up cost 
[EUR/start-up]

Twarm Tcold

SUCcold

SUCwarm

SUChot

Figure 2: Stairwise approximation of a typical start-up cost curve.

Loss of load costs
The loss of load cost is defined as

cloln,t = ln,t LC ∀n,∀t (9)

Curtailment costs
The curtailment cost follows from

ccurtn,t = ln,tCC ∀n,∀t (10)

Market clearing
The market clearing condition imposes demand-supply balance at each node for each time step.∑

i

Aplant
n,i (zi,t P

min
i + pi,t) +

∑
r

Apump
n,r (gprodr,t − gconsr,t ) + TCHP

n,t + TRES
n,t − uRES

n,t =

Dn,t − ln,t +
∑
y

in,t,y ∀n,∀t
(11)

Electricity generation from renewables and cogeneration is mainly driven by other factors than the
electricity demand (e.g., weather conditions, subsidies) and is therefore only to a limited extend
dispatchable. Renewable generation can be curtailed.

0 ≤ uRES
n,t ≤ TRES

n,t ∀n,∀t (12)

The lost load is limited by the electricity demand.

0 ≤ ln,t ≤ Dn,t ∀n,∀t (13)

Power plant - generation limits
Each conventional power plant is subject to technical constraints. First, a power plant can only
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generate power within a certain power range. The basic constraint to set the generation limits of
each unit is presented by Carrión and Arroyo [11].

0 ≤ pi,t − r−i,t ∀i, ∀t
pi,t + r+i,t ≤ (Pmax

i − Pmin
i ) zi,t ∀i, ∀t

(14)

A tighter formulation for the upper generation limit is being used by Morales et al. [10], taking
account of the start-up and shut-down status of the power plant (i.e., looking one time step back
and forth). This formulation is valid for power plants with minimum uptime larger or equal to 2.

pi,t + r+i,t ≤ (Pmax
i − Pmin

i ) zi,t − (Pmax
i − SUi) vi,t − (Pmax

i − SDi)wi,t+1

∀i ∈MUTi ≥ 2, ∀t (15)

If the minimum up time of the power plant is 1, than equation (15) must be split up.

pi,t + r+i,t ≤ (Pmax
i − Pmin

i ) zi,t − (Pmax
i − SUi) vi,t ∀i,∀t

pi,t + r+i,t ≤ (Pmax
i − Pmin

i ) zi,t − (Pmax
i − SDi)wi,t+1 ∀i,∀t

(16)

Equation (15) can be tightened as presented by Ostrowski et al. [12], taking account of more time
steps.

pi,t + r+i,t ≤ (Pmax
i − Pmin

i ) zi,t+Ki, +

Ki∑
k=1

(SDi − Pmin
i + (k − 1)RDi)wi,t+k

−
Ki∑
k=1

(Pmax
i − Pmin

i ) vi,t+k ∀i, ∀t = 1, ...T −K

(17)

with Ki = min{MUTi ; (Pmax
i −SDi)/RDi +1 ; T − t}. The Ostrowski formulation is only tighter

than the Morales formulation if K is larger or equal to 2.

Finally, power plant outages might force power plants out of operation.

zi,t ≤ AVi,t (18)

Power plant - ramping limits
The basic ramping-up and ramping-down constraints are, respectively, given by Arroyo and Conejo
[13].

pi,t + r+i,t − pi,t−1 ≤ RUi zi,t−1 + (SUi − Pmin
i ) vi,t ∀i,∀t

pi,t−1 − pi,t − r−i,t ≤ RDi zi,t + (SDi − Pmin
i )wi,t ∀i,∀t

(19)

Ostrowski et al. [12] propose a tighter description of the ramping constraints. If RUi > SDi−Pmin
i

and MUTi ≥ 2, the ramping-up constraint becomes

pi,t + r+i,t − pi,t−1 ≤ RUi zi,t − (RUi − SDi + Pmin
i )wi,t+1 + (SUi − Pmin

i −RUi) vi,t

∀t, ∀i ∈ RUi > SDi − Pmin
i & MUTi ≥ 2

(20)
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Bounding ramping over two time periods, the ramping-up constraint for power plants withMUTi ≥
2 becomes

pi,t + r+i,t − pi,t−2 ≤ 2RUi zi,t + (SUi − Pmin
i −RUi) vi,t−1 + (SUi − Pmin

i − 2RUi) vi,t

∀t,∀i ∈MUTi ≥ 2
(21)

If RDi > SUi − Pmin
i and MUTi ≥ 2, the ramping-down constraint becomes

pi,t−1 − pi,t − r−i,t ≤ RDi zi,t + (SDi − Pmin
i )wi,t − (RDi − SUi + Pmin

i ) vi,t−1 −RDi vi,t

∀t,∀i ∈ RDi > SUi − Pmin
i & MUTi ≥ 2

(22)

Bounding ramping over two time periods, the ramping-down constraint for power plants with
MUTi ≥ 2 becomes

pi,t−2 − pi,t − r−i,t ≤ 2RDi zi,t + (SDi − Pmin
i )wi,t−1 + (SDi − Pmin

i +RDi)wi,t − 2RDi (vi,t−1 + vi,t)

∀t, ∀i ∈MUTi ≥ 2
(23)

Power plant - minimum up and down times
Each power plant has a minimum down time and a minimum uptime. Rajan and Takriti [14]
present the most tight formulation for respectively the minimum down time constraint and the
minimum up time constraint.

1− zi,t ≥
t∑

t′=t+1−MDTi

wi,t′ ∀i,∀t

zi,t ≥
t∑

t′=t+1−MUTi

vi,t′ ∀i,∀t
(24)

Power plant - logic constraint
In addition to the above constraints, the following logic relationship between the different power
plant statuses is needed.

zi,t−1 − zi,t + vi,t − wi,t = 0 ∀i, ∀t (25)

Must-run constraints
Must-run constraints can be imposed to a subset of power plants.∑

i

Amust
m,i zi,t P

max
i ≥MRm

∑
i

Amust
m,i Pmax

i ∀m,∀t (26)

Reserve constraints
Spinning reserve constraints can be imposed to a subset of power plants, respectively upward
spinning reserves and downward spinning reserves.∑

i

Arsr
s,i r

+
i,t ≥ SRs ∀s,∀t∑

i

Arsr
s,i r

−
i,t ≥ SRs ∀s,∀t

(27)
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Pumped storage constraints
The energy balance of a pumped storage unit is given by (see Wood and Wollenberg [15])

er,t = er,t−1 + ∆t

(
gconsr,t

√
ηgr −

gprodr,t√
ηgr

)
∀r,∀t (28)

This equation implies that the charging efficiency (during power consumption) of a pump unit is
the same as its releasing efficiency (during power production).

The energy level of a pumped storage unit and its producing and consuming power rates are
limited:

0 ≤ gprodr,t ≤ Gmax
r ∀r,∀t

0 ≤ gconsr,t ≤ Gmax
r ∀r,∀t

0 ≤ er,t ≤ Emax
r ∀r,∀t

(29)

Grid constraints
The model contains a DC power flow model of the electricity grid, as described by Purchala [16],
Van Hertem [17] and Verboomen [18].

fac
lac,t =

∑
n

∑
y

PTDFlac,n,y in,t,y +
∑
lpst

PSDFlac,lpst αlpst,t +
∑
ldc

DCDFlac,ldc f
dc
ldc,t

+ F 0
lac ∀l,∀t

∑
n

∑
y

in,t,y = 0 ∀t

(30)

The injections in the grid of type y at node n are limited by the generation or load of type y at
node n. The line flows and the phase shifter angles are limited.

−αmax
lpst ≤ αlpst,t ≤ αmax

lpst ∀lpst,∀t
−Fmax

lac ≤ flac,t ≤ Fmax
lac ∀lac,∀t

−Fmax
ldc
≤ fldc,t ≤ Fmax

ldc
∀ldc,∀t

(31)

In case of a trade based grid representation, the difference between AC lines and DC lines becomes
irrelevant. The nodal injections are related to the line flows as follows, with the line flows limited
as given by equation (31).

in,t =
∑
l

Agrid
l,n fl,t ∀n,∀t (32)

Boundary conditions
A unit commitment simulation is often solved in consecutive optimization periods. These different
optimization periods are linked in a sequential way, meaning that the end state of period 1 is the
initial state of period 2, and so on. The pumped storage energy balance is implemented in a cyclic
way, meaning that the energy content of a pump unit has to be the same at the beginning and at
the end of an optimization period. Two optimization periods might overlap in order to ensure a
correct coupling between the different optimization periods.
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5 Validation

The performance of the UC model, as described in this paper, is compared with two commercial
UC models. One of the commercial models is based on a mixed-integer formulation of the UC
problem, whereas the other is mainly based on priority listing. As benchmarking case, a 2020
scenario of the Central Western European power sector is simulated with the tree different models.
The benchmarking exercise only included basic features of the models, meaning that no power
plant outages were considered, no reserve requirements or must-run requirements were imposed
and a simple trade based grid model was used.

The UC model performance is very similar to the performance of the commercial mixed-integer
based model, both in terms of optimality and run times. The UC model outperforms the heuristic
based commercial model in terms of optimality with about 10 %, but the heuristic based model is
about 30 % faster.
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